Abstract. In this paper we present a Galois-Grothendieck-type correspondence for groupoid actions. As an application a Galois-type correspondence is also given.
in addition, R is projective and finitely generated as a K-module, we say that R is a strongly separable K-algebra, or, if R is also faithful over K, a strongly separable extension of K. Any faithful, projetive and finitely generated K-module is called faithfully projective.
Let f, g : T −→ S be ring homomorphisms. We say that f and g are strongly distinct if, for every nonzero idempotent π ∈ S, there exists x ∈ T such that f (x)π = g(x)π.
Lemma 2.1. [5, Lemma 1.2] Let T be a separable K-algebra, and f : T → K a T -algebra homomorphism. Then, there exists a unique idempotent π ∈ T such that f (π) = 1 and xπ = f (x)π, for all x ∈ T . Furthermore, if {f j | j ∈ J} is a nonempty set of pairwise strongly distinct Kalgebra homomorphisms from T into K, then the corresponding idempotents π j , j ∈ J, are pairwise orthogonal and f i (π j ) = δ ij 1 K , for all i, j ∈ J.
The next results are slight extensions of similar results given in [5, Section 2] . Proposition 2.2. Suppose that T and R are K-algebras with T separable over K, and V is a nonempty set of homomorphisms of K-algebras v : T −→ E v , where E v = R1 v and {1 v } v∈V is a set of nonzero idempotents of R. Then, the following statements are equivalent:
(i) For each v ∈ V , the elements of V v = {u ∈ V | 1 u = 1 v } are pairwise strongly distinct.
(ii) For each u ∈ V v there exist x iu ∈ E v , y iu ∈ T , 1 ≤ i ≤ m u , such that
Proof. (i) ⇒ (ii) Since T is separable over K, for each v ∈ V , E v ⊗ T is separable over E v . Also, for all u ∈ V v the mappings f u : E v ⊗ T −→ E v , x ⊗ y −→ xu(y) are pairwise strongly distinct homomorphisms. Then, by Lemma 2.1, there exists π u = mv i=1 x iu ⊗ y iu ∈ E v ⊗ T such that f u ′ (π u ) = δ u,u ′ 1 v , for every u, u ′ ∈ V v , and (ii) follows.
(ii) ⇒ (iii) Assume that V ′ v is a finite subset of V v and u ′ ∈V ′ v r u ′ u ′ = 0 in Hom K (T, E v ), where r u ′ ∈ E u ′ = E v . Hence, for u ∈ V ′ v , we have
showing that V v is free over E v .
(iii) ⇒ (i) Immediate.
Corollary 2.3. Assume that T is a strongly separable extension of K, R is a K-algebra and V is a nonempty set of homomorphisms of K-algebras v : T −→ E v
, where E v = R1 v and {1 v } v∈V is a set of nonzero idempotents of R. Suppose that for each v ∈ V , the elements of
Lemma 2.4. Assume that T and R are K-algebras and V is a non-empty finite set of homomorphisms of K-algebras v : T −→ E v , where E v = R1 v and {1 v } v∈V is a set of nonzero idempotents of R. Suppose that K is isomorphic to a direct summand of R as K-modules and E v is a faithfully projective K-module, for each v ∈ V . Then, the following statements are equivalent:
is an isomorphism of R-algebras.
Proof. (i)⇒(ii) Clearly, T is faithfully projective over K, and the rest of the assertion follows from Proposition 2.2.
(ii)⇒(iii) Take v ∈ V . The mapping ϕ v is clearly an R-algebra homomorphism. ϕ v is also surjective since for any r = (r u ) u∈Vv ∈ u∈Vv E u , there is z = u∈Vv
In the sequel we will prove that T is a strongly separable extension of K. It follows from the assumptions on R and
n , where n = #V v . Therefore, T is a finitely generated and projective K-module. Furthermore, by [8 
It remains to show that the elements of V v are pairwise strongly distinct. Given u ∈ V v , take
and the assertion follows by Proposition 2.2.
Groupoid actions on sets and algebras
The axiomatic version of groupoid that we adopt in this paper was taken from [9] . A groupoid is a nonempty set G, equipped with a partially defined binary operation (which will be denoted by concatenation), where the usual group axioms hold whenever they make sense, that is:
(i) For every g, h, l ∈ G, g(hl) exists if and only if (gh)l exists and in this case they are equal; (ii) For every g, h, l ∈ G, g(hl) exists if and only if gh and hl exist; (iii) For each g ∈ G, there exist (unique) elements d(g), r(g) ∈ G such that gd(g) and r(g)g exist and gd(g) = g = r(g)g;
An element e ∈ G is called an identity of
, for some g ∈ G. We will denote by G 0 the set of all the identities of G and by G 2 the set of all the pairs (g, h) such that the product gh is defined.
The statements of the following lemma are straightforward from the above definition. Such statements will be freely used along this paper.
and, in this case, (gh)
(vii) for every e ∈ G 0 , d(e) = r(e) = e and e −1 = e,
Given a groupoid G and H a nonempty subset of G, we say that H is a subgroupoid of G if it satisfies the following conditions:
(i) For every g, h ∈ H, if there exists gh then gh ∈ H.
(ii) For every g ∈ H, if g ∈ H then g −1 ∈ H.
If, in addition, H 0 = G 0 , we say that H is an wide subgroupoid.
An action of a groupoid G on a nonempty set X is a collection γ of subsets X g = X r(g) of X and bijections γ g :
In this case, we also say that X is a G-set. If, in addition, the union of the subsets X e , e ∈ G 0 , is disjoint and equal to X (shortly X =˙ e∈G0 X e ) we say that X is a G-split set.
Notice that G =˙ e∈G0 X e by construction. 
As in the previous example, also here G H =˙ e∈G0 X e by construction.
An action of a groupoid G on a K-algebra R [1] is a collection β of ideals E g = E r(g) of R and algebra isomorphisms β g :
, such that R is a G-set via β. In this case, the set
is indeed a K-subalgebra of R, called the subalgebra of the invariants of R under the action β. If each E g is unital, with identity element 1 g , then it is immediate to see that r ∈ R β if and only if
Let R, G and β = {β g : E g −1 → E g } g∈G be as above. Accordingly [1] , the skew groupoid ring R ⋆ β G corresponding to β is defined as the direct sum
in which the δ g 's are symbols, with the usual addition, and multiplication determined by the rule
for all g, h ∈ G, x ∈ E g and y ∈ E h . It is straightforward to check that this multiplication is well defined and that R ⋆ β G is associative. If G 0 is finite and each E e , e ∈ G 0 , is unital, then R ⋆ β G is also unital [6] , with identity element given by e∈G0 1 e δ e , where 1 e denotes the identity element of E e .
Hereafter, in this section,
• G is a finite groupoid,
an action of G on a fixed nonempty and finite set X such that X =˙ e∈G0 X e , that is, X is a finite G-split set.
• and β = {β g : E g −1 → E g } g∈G is an action of G on a fixed faithful K-algebra R such that each E e (e ∈ G 0 ) is unital with identity element 1 e , R = e∈G0 E e , and R β = K.
In this context, any left R ⋆ β G-module M is also an R-module via the imbedding r → e∈G0 r1 e δ e , for all r ∈ R. We put
, for all x ∈ R, g ∈ G and r g ∈ E g , and
which clearly is an R-algebra (in particular, a K-algebra) under the usual pointwise operations, whose identity element is e∈G0 1 ′ e , where 1
Furthermoremore, it is straightforward to check that
is an isomorphism of K-algebras;
We will denote by A(X) the K-subalgebra of the invariants of M ap(X, A) under α, as well as
For g ∈ G and every x ∈ X g set E x = E g . For g ∈ G and x ∈ X, let ρ x : A(X) → E x be the algebra homomorphism given by
Lemma 3.4. Assume that K is a direct summand of R as K-modules and E g is a faithfully projective K-module, for each g ∈ G. Then the following conditions are equivalent:
Proof. It is an immediate consequence of Lemma 2.4.
for all e ∈ G 0 and g ∈ G. The elements x i , y i are called the β-Galois coordinates of R over R β . It is immediate to see that, in this case, the trace map
, is a K-linear map, and t β (R) = K by [1, Lemma 4.2 and Corollary 5.4]. Hence, K is a direct summand of R as K-modules.
Lemma 3.5. Assume that R is a β-Galois extension of K. Then, for each g ∈ G, the map
Proof. Since M ap(X, R) G = A(X), it follows from [1, Theorem 5.3] that the map µ : R ⊗ A(X) → M ap(X, R) given by µ(r ⊗ f ) = rf is an isomorphism of R-algebras, which clearly induces an isomorphism µ g : E g ⊗ A(X)) → M ap(X g , E g ). On the other hand, M ap(X g , E g ) ≃ x∈Xg E x , as R-algebras, via the map η g : f → (f (x)) x∈Xg . Since ϕ g = η g µ g , the result follows.
The Galois-Grothendieck-type Correspondence
We start recalling that G, R, X, β and γ are as in the previous section. Let
Let Y and W be G-sets via the actions ε = {ε g :
(iii) ψ(ε g (y)) = ϑ g (ψ(y)), for all y ∈ Y g −1 and g ∈ G.
Lemma 4.1. Assume that R is a β-Galois extension of K. Then:
, showing that the map σ g is well-defined. Moreover, σ g is a bijection with inverse σ g −1 , for every g ∈ G. It is immediate to check that σ is an action of G on V (X), and V (X) =˙ e∈G0 V g (X) by construction.
(ii) It follows from Lemma 3.5 that, for every g ∈ G, the map ϕ g : E g ⊗ A(X) → x∈Xg E x , given by ϕ g (r ⊗ f ) = (rf (x)) x∈Xg , is an isomorphism of R-algebras. Thus, for each x ∈ X g , there exist r ix ∈ E g and f ix ∈ A(X),
r ix f ix (y) = δ x,y 1 g , for every y ∈ X g , and the assertion follows by Proposition 2.2.
(iii) Consider the surjective map ω g : X g → V g (X) given by ω g (x) = ρ x , for every x ∈ X g . Indeed, ω g is a bijection. If ρ x = ρ y , for x, y ∈ X g , then f (x) = f (y), for every f ∈ A(X).
On the other hand, the map η g : M ap(X g , E g ) → x∈Xg E x , given by η g (f ) = (f (x)) x∈Xg , is an isomorphism of R-algebras, whose inverse is the map η ′ g : x∈Xg E x → M ap(X g , E g ) given by η ′ g (r)(x) = r x , where r = (r x ) x∈Xg ∈ x∈Xg E x . Furthermore, the map ϕ g : E g ⊗ A(X) → x∈Xg E x , given by ϕ g (r ⊗ f ) = (rf (x)) x∈Xg , is also an isomorphism of R-algebras, by Lemma 3.5.
Thus, E g ⊗A(X) ≃ x∈Xg E x ≃ M ap(X g , E g ), and so, for every p ∈ M ap(X g , E g ), there exists
for every p ∈ M ap(X g , E g ). So, x = y.
Therefore, the map ω : X → V (X), given by ω(x) = ω g (x) if x ∈ X g , is also a bijection, and ω(X g ) = V g (X).
Finally, ω commutes with the actions σ and γ. Indeed, for x ∈ X g −1 and f ∈ A(X), we have
which concludes the proof.
For any K-algebras B and C, we will denote by Alg K (B, C) the set of all K-algebra homomorphisms from B into C.
Lemma 4.2. Let B be a K-algebra and g ∈ G.
Suppose that E g is faithfully projective and there exists an isomorphism of E g -algebras ϕ g :
Then:
(i) B is faithfully projective over K with constant rank n g ; (ii) B is a strongly separable extension of K; E g ) whenever the elements of Alg K (B, E g ) are pairwise strongly distinct.
Proof. The assertions (i) and (ii) follows by the same arguments used in the proof of Lemma 2.4((iii)⇒(i)).
(iii) Denote by η g : B → E g ⊗ B the map given by b → 1 g ⊗ b, and by π (g,i) : (E g ) n → E g the i th -projection, for every 1 ≤ i ≤ n g . Clearly, the maps ϕ (g,i) := π (g,i) ϕ g η g are in Alg K (B, E g ) and it is easy to see that ϕ g (r ⊗ b) = (rϕ (g,i) (b)) 1≤i≤ng , for all r ∈ E g and b ∈ B.
(iv) Since ϕ g is an isomorphism, for each 1 ≤ i ≤ n g , there exist r il ∈ E g and b il ∈ B,
Consequently, the elements of V g (B) are pairwise strongly distinct, by (ii) and Proposition 2.2.
(v) Suppose that the elements of Alg K (B, E g ) are pairwise strongly distinct. Then, by (i), (ii) and Corollary 2.3, #Alg
The next lemma provide us a necessary and sufficient condition for the set V (B) = e∈G0 V e (B) to be a G-set. Again here, this union is disjoint and finite by construction. 
for every b ∈ B; (ii) For every g, h ∈ G with r(g) = r(h), given ϕ (g −1 ,i) and
the elements ξ g (ϕ (g −1 ,i) ) and ξ h (ϕ (g −1 ,j) ) are strongly distinct.
Proof. (i) ⇒ (ii) It is enough to notice that if r(g)
. Now, the assertion follows from Lemma 4.2(iv).
(ii) ⇒ (i) It is enough to show that each ξ g , g ∈ G, is a bijection for the conditions (i)-(ii) of the definiton of a groupoid action are straightforward. Also, each ξ g is injective by construction, thus it is enough to prove that it is surjective.
We start by noticing that the elements of V g −1 (B) are pairwise strongly distinct, by Lemma 4.2. Consequently, the elements of ξ g (V g −1 (B)) are pairwise strongly distinct and it follows from the assumption that also the elements of Y g (B) = {h∈G|r(h)=r(g)} ξ h (V g −1 (B)) are pairwise strongly distinct.
Clearly,
, and noting that r(r(g)) = r(g) and
Furthermore,
, and ξ g is a bijection.
Assume that S = n j=1 S j is a K-algebra, where S j = S1 j and {1 j } 1≤j≤n are pairwise orthogonal central idempotents in S, for some n ≥ 1. An K-algebra T is said to be S-split if:
Notice that (i) is equivalent to say that S ⊗ T ≃ S m and, in particular, V (T ) is a finite G-split set.
Proof. We start by checking that ν is a well defined. Indeed, for g ∈ G, b ∈ B and ϕ (g,i) ∈ V (B), we have (V (B) ). Clearly, ν is an algebra homomorphism. It remains to check that it is a bijection.
Given
, since for each g ∈ G, E g is faithful over K and ϕ g is an isomorphism. Thus, there exists 1 ϕ (g,i) ). So, ν(a) = ν(b) and ν is injective. By Lemmas 3.5 and 4.2, the K-algebras A(V (B)) and B are faithfully projective and separable, and
Let R−split Alg denote the category whose objects are the R-split K-algebras and whose morphisms are algebra homomorphisms. Also, let G−split FinSet denote the category whose objects are finite G-split sets and whose morphisms are G-maps (i.e, maps that commute with the action of G). Let θ : G−split FinSet → R−split Alg and θ ′ : R−split Alg → G−split FinSet the maps given by X → A(X) and B → V (B), respectively.
Theorem 4.5. (The Galois-Grothendieck equivalence)
Assume that R is a β-Galois extension of K and E g is faithfully projective, for every g ∈ G. Then, θ is a contravariant functor that induces an equivalence between the categories G−split FinSet and R−split Alg, with inverse θ ′ .
Proof. By Lemma 3.5, given a finite G-split set X, the map ϕ g :
x∈Xg is an isomorphism of R-algebras, for every g ∈ G. Thus, it is immediate, from the definitions, that V g (A(X)) = V g (X), for every g ∈ G. Indeed, it is enough to see that
for all f ∈ A(X) and 1 ≤ i ≤ n g . Hence V (X) = V (A(X)).
Finally, recall that X ≃ V (X) as G-sets, and B ≃ A(V (B)) as R β -algebras, by Lemmas 3.5, 4.1 and 4.4. Hence, X ≃ V (A(X)) = θ ′ (θ(X)) and B ≃ A(V (B)) = θ(θ ′ (B)).
The Galois-type correspondence
Let R, G and β = {β g : E g −1 → E g | g ∈ G} be as in the previous section, and H ⊆ G an wide subgroupoid of G. Then, β H = {β h : E h −1 → E h | h ∈ H} is an action of H on R. Furthermore, recall from Example 3.3 that G H = {gH |g ∈ G} is a finite G-set via the action γ = {γ g :
Proof. We start by noticing that e∈G0 f (eH) ∈ R βH , for every f ∈ A(
, for all lH ∈ X h , and hH = r(h)H, for all h ∈ H. So,
Conversely, given g 1 , g 2 ∈ G and r ∈ R βH , if
). Indeed, from g 1 H = g 2 H it follows that for any h 1 ∈ H there exists h 2 ∈ H such that g 1 h 1 = g 2 h 2 . So,
)β h2h
Hence, the map
Clearly, θ and θ ′ are homomorphisms of K-algebras. Furthermore,
e∈G0 β e (r1 e ) = e∈G0 r1 e = r, for every r ∈ R, and
The proof is complete.
For any K-subalgebra T of R put H T = {g ∈ G | β g (t1 g −1 ) = t1 g , for all t ∈ T }. It is easy to check that H T is an wild subgroupoid of G. We say that T is β-strong if for every g, h ∈ G such that r(g) = r(h) and g −1 h / ∈ H T , and, for every nonzero idempotent e ∈ E g = E h , there exists an element t ∈ T such that β g (t1 g −1 )e = β h (t1 h −1 )e.
Proof. By the Lemma 5.1, A(
. Since the elements of V gH are pairwise strongly distinct, it is easy to see that the elements of V gH = {φ lH | r(l) = r(g)} are also pairwise strongly distinct.
Let T = R βH and take g, h ∈ G such that r(g) = r(h) and g −1 h / ∈ H T . Given a nonzero idempotent e ∈ E g = E h , there exists r ∈ R βH such that φ gH (r)e = φ hH (r)e. Thus,
Therefore, R βH is β-strong.
Lemma 5.3. Assume that R is a β-Galois extension of K and suppose that T is a subalgebra of R which is separable over K and β-strong. Then there exist elements
for all e ∈ G 0 . In particular, T is a faithfully projective K-module.
Proof. Let υ = n i=1 x i ⊗ y i ∈ T ⊗ T be the separability idempotent of T over K and µ : T ⊗ T the multiplication map. For g ∈ G, define
. and take υ g = µ(ψ g (e)) = n i=1 x i β g (y i 1 g −1 ) ∈ E g . Clearly, υ g is an idempotent of E g , for µ and ψ are K-algebra homomorphisms. In particular, υ e = 1 e , for all e ∈ G 0 .
Moreover, µ and ψ g are T ⊗ K-linear. Thus, for every t ∈ T ,
For the second part, it is enough to take the maps f i ∈ Hom K (T, K) given by f i (t) = tr β (y i t), 1 ≤ i ≤ m, and to see that 
A final remark
Again, R, G and β are as in the previous sections. In almost all results in the two last sections the assumption that E g is a faithful K-module was required. So, it is natural to ask under what conditions such an assumption occurs. To answer this question it is necessary to have a description of the elements in R β = K. An easy calculus shows that an element x = e∈G0 x e ∈ R = e∈G0 E e is in R β if and only if x r(g) = β g (x d(g) ), for all g ∈ G. It is an immediate consequence of this fact that, given x ∈ K and g ∈ G, x1 g = 0 if and only if x r(g) = 0 if and only if x d(g) = 0. Therefore, given x ∈ K and g ∈ G, x1 g = 0 implies x = 0 if and only if, for all h ∈ G, either d(h ±1 ) = d(g) or d(h ±1 ) = r(g). From these considerations we have the following lemma. The following two examples illustrate the above lemma. Notice that both of them are also examples of β-Galois extensions.
Examples 6.2. (1) Consider R = Sv 1 ⊕ Sv 2 ⊕ Sv 3 ⊕ Sv 4 , where S is a ring and v 1 , v 2 , v 3 and v 4 are pairwise orthogonal central idempotents of R, with sum 1 R . Let G = {g, g −1 , d(g), r(g)} be a groupoid and β the action of G on R given by: E g = E r(g) = Sv 3 ⊕Sv 4 , E g −1 = E d(g) = Sv 1 ⊕Sv 2 , β r(g) = I E r(g) , β d(g) = I E d(g) , β g (av 1 +bv 2 ) = av 3 +bv 4 , β g −1 (av 3 +bv 4 ) = av 1 +bv 2 , for all a, b ∈ S. It is easy to see that R is a β-Galois extension of K = R β = S(v 1 + v 3 ) ⊕ S(v 2 + v 4 ), with β-Galois coordinates x i = v i = y i , 1 ≤ i ≤ 4. Furthermore, it is immediate that xE g = 0 = xE g −1 if and only if x = 0, for all x ∈ K.
(2) Let R = Sv 1 ⊕ Sv 2 ⊕ Sv 3 ⊕ Sv 4 ⊕ Sv 5 ⊕ Sv 6 , where S is a ring and v i , 1 ≤ i ≤ 6, are pairwise orthogonal central idempotents of R, with sum 1 R . Take the groupoid G = {g, g −1 , d(g), r(g), h = h −1 , d(h) = r(h)} and β = {β l : E l −1 → E l } l∈G , where E l and β l , for l = d(g), r(g), g, g −1 , are as in the example (1), E h = E r(h) = Sv 5 + Sv 6 , β r(h) = I E r(h) , and β h (av 5 + bv 6 ) = av 6 + bv 5 . Again, R is a β-Galois extension of K = R β = S(v 1 + v 3 ) ⊕ S(v 2 + v 4 ) ⊕ S(v 5 + v 6 ), with β-Galois coordinates x i = v i = y i , 1 ≤ i ≤ 6. Nevertheless, in this case we have, for instance, xE h = 0 for x = v 1 + v 3 ∈ K.
